THE INTEGRAL HOMOLOGY RING OF THE BASED LOOP SPACE ON
SOME GENERALISED SYMMETRIC SPACES

JELENA GRBIC AND SVJETLANA TERZIC

ABSTRACT. In this paper we calculate the integral Pontrjagin homology ring of the based
loop space on some generalised symmetric spaces with a toral stationary subgroup. In the
Appendix we show that the method can be applied to other type generalised symmetric
spaces as well.

1. INTRODUCTION

A pointed topological space X with multiplication p: X x X — X is called an H-
space. The multiplication induces a ring structure in homology H.(X). A based loop
space £2X is an H-space as one of the possible multiplications is given by loop concatena-
tion. The ring structure in H, (2X) induced by loop multiplication is called the Pontrjagin
homology ring. In this paper we compute the integral Pontrjagin homology ring of the
based loop space on some generalised symmetric spaces G/.S, where G is a simple com-
pact Lie group G having the torus .S as a stationary subgroup. More precisely, we consider
generalised symmetric spaces which have zero Euler characteristic, that is, for which the
torus S is not maximal in G. Thus this paper can be considered as a natural sequel to
paper [7], where the authors computed the integral Pontrjagin homology of the based loop
space of complete flag manifolds of compact simple Lie groups.

Generalised symmetric spaces G/H are defined by the condition that their stationary
subgroup H is the fixed point subgroup of a finite order automorphism of the group G.
These spaces consequently admit finite order symmetries making them to have rich ge-
ometry and thus attract constant attention of many geometry focused research starting
with [20],[21] until recent once, see for example [1],[2],[10]. Generalised symmetric
spaces play important role in the theory of homogeneous spaces and, thus, in many areas of
mathematics and physics such as representation theory, combinatorics, string topology. In
particular, complex homogeneous spaces G/ H, which are important examples in complex
cobordisms and theory of characteristic classes, were characterised by Passiencier [16] as
the homogeneous spaces of positive Euler characteristic whose isotropy subgroup H is a
fixed point subgroup for some odd order finite subgroup of the inner automorphisms of the
group G and thus are complex generalised symmetric spaces.

The methods used in this paper are analogous to that of [7]. By [10] and [18] all gener-
alised symmetric spaces are Cartan pair homogeneous spaces and, thus, formal in the sense
of Sullivan (see Subsections 3.1, 3.2). Therefore, starting from their rational cohomology
algebras and using the method of rational homotopy theory together with the Milnor and
Moore theorem which expresses the rational Pontrjagin homology algebra in terms of the
universal enveloping algebra of the rational homotopy Lie algebra, we compute the ratio-
nal homology algebras for the based loop space on generalised symmetric spaces G/S.
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We prove that the integral loop homology groups of these spaces have no torsion which
together with the rational computations enables us to determine their integral Pontrjagin
ring structure as well. In particular, we calculate the integral Pontrjagin homology ring of
the based loop spaces on the following generalised symmetric spaces: SU(2n + 1)/T™,
SU(2n)/T", SO(2n +2)/T™, SO(8)/T?, and Eg/T*.

To illustrate that our approach is more general, in the Appendix we include the anal-
ogous calculations for the generalised symmetric space U(n)/(T* x U(n — k)) which
obviously is not obtained by taking a simple compact Lie group and quotienting out a toral
subgroup.

2. TORSION IN LOOP SPACE HOMOLOGY

Proposition 2.1. Let G be a compact connected Lie group and H its closed connected
subgroup such that G/ H is simply connected. Then H,.(X(G/H);Z) is torsion free if and
only if H,(QUG/(T* x H));7Z) is torsion free, whenever T* x H is a subgroup of G,
where k < rank G — rank H.

Proof. There is a fibration sequence
QG/H) — QG/(TF x H)) — TF = G/H — G/(T* x H)
which implies the homotopy decomposition
QG/(TF x H)) ~T* x Q(G/H)

and the proof of the proposition. It is important to remark that although the spaces Q(G /(T* x
H)) and T* x Q(G/H) are H-spaces, the decomposition is given only in terms of topo-
logical spaces ignoring their H-space structure, that is, this decomposition is not realised
by an H-equivalence (one that preserves the multiplicative structures of the spaces in-
volved). [l

Corollary 2.2. Let G be a compact connected simple Lie group and S a toral subgroup in
G. Then H,(QX(G/S); Z) is torsion free.

Proof. In [7] the authors showed that if 7" is a maximal torus in a compact connected
Lie group then H,(Q2(G/T);7Z) is torsion free. For G simply connected, G/S is simply
connected as well and the statement follows by Proposition 2.1.

The only compact connected simple Lie group which is not simply connected is SO(n).
We show that SO(n)/T*, where 1 < k < [%] is simply connected by induction. There is
a fibration sequence

SO(2k)/T* — SO(n)/T* — SO(n)/SO(2k).

Since 7;(Vpor) = 0 for 0 < 4 < 2k and SO(2k)/T* is simply connected (see for
example [13], [7]), we conclude that SO(n)/T* is simply connected. Thus the statement
for Q(SO(n)/S) holds. O

3. THE RATIONAL HOMOLOGY OF LOOP SPACES

In this section we compute rational homology of the based loop space on generalised
symmetric space G/.S of a simple compact Lie group G having toral isotropy subgroup S
and zero Euler characteristic. In these generalised symmetric spaces, S is a non-maximal
toral subgroup, that is, rank S' < rank GG, which can be obtained as the stationary subgroup
of an outer automorphism of the group G. These generalised symmetric spaces are listed
in[18] as: SU(2n+1)/T™, SU(2n)/T™, SO(2n+2)/T™, SO(8)/T?, and Eg/T*. They
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are obtained by the outer automorphisms of the groups SU (2n+1), SU(2n), SO(2n+2),
SO(8) and Fg having respectively the orders 2n + 1,2n — 1,2n,12 and 18.

3.1. The rational cohomology of homogeneous spaces. We recall some classical results
on the cohomology of homogeneous spaces with rational coefficients. Consider a homoge-
neous space G/ H, where G is a compact connected Lie group and H its connected closed
subgroup. The Hopf theorem [3] states that the rational cohomology algebra of G is an
exterior algebra
H*(G,Q) 2 A(z1,.-,2n)

where 21, ..., 2, are the universal transgressive generators in degree deg z; = 2k; — 1,
where ki, ..., k, are the exponents of the group G (see [6]) and n = rank G denotes the
dimension of the maximal torus in GG. Recall [3] that for a fibration F' — F — B, we
can define a map 7 called transgression which maps a subgroup of H*(F') to a quotient
of H*(B). If we consider the universal G-bundle G — EG — BG, then elements
x € H*(G) on which the transgression is defined are said to be universal transgressive.

The rational cohomology algebra of the classifying space BG of a group G is the alge-
bra of polynomials on the maximal abelian subalgebra t of the Lie algebra g for G which
are invariant under the action of the Weyl group W, that is,

H*(BG,Q) = Q[t]"e.

This algebra is generated by the polynomials P, ..., P, called Weyl invariant generators,
which correspond to z1, ..., 2, by transgression in the universal bundle for G and thus
have degree deg P; = 2k;, 1 < i < n (see [3]).
Denote by s C t the maximal abelian subalgebra of the Lie algebra fh for H. Since
Wy C W, the polynomials from H*(BG, Q) when restricted to s belong to H*(BH, Q).
The Cartan algebra for a homogeneous space G/H (see [3]) is a differential graded
algebra (C, d) defined by:

C=H*(BH,Q)® H*(G,Q), db®1)=0, d1®z)=p"(P)®1

where p* : Q[f]'¢ — Q[s]"# denotes the restriction.

By the famous Cartan theorem [3], the Cartan algebra determines the rational cohomol-
ogy of G/H, that is,

H*(G/H,Q) = H*(C,d).

There is a wide class of homogeneous spaces, called Cartan pair homogeneous spaces
in terminology of [9] or normal position homogeneous spaces in terminology of [11],
which behave nicely from the point of view of both rational cohomology and rational
homotopy theory. A homogeneous space G/H is a Cartan pair homogeneous space if

one can choose n algebraically independent generators Py, ..., P, € Q[|"¢ such that
p*(Prs1), ..., p*(Py,) belong to the ideal in Q[s]"# generated by p*(P1),...,p*(P,).
Furthermore, when this is the case one can choose P11, ..., P, such that p*(P,;1) =

... = p*(P,) = 0. Then the Cartan theorem directly implies that the rational cohomology
algebra for these spaces is given by

(1) HYG/H:Q) = H(BH,Q)/ (5" (P), ... 5"(P)) @ Alrsns - 2n).

In this case the sequence p*(Py), ..., p*(P,) is regular, that is, the class [p*(F;)] in
H*(BH;Q)/(p*(P1),...,p*(P;—1) is not a zero divisor. We can further assume that al-
gebra (1) is reduced. Thus we can consider only those elements of the regular sequence

which are decomposable, eliminating the generators in H*(BH, Q) which are linear com-
binations of p*(P1),...,p*(B).
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Among examples of Cartan pair homogeneous spaces are homogeneous spaces of pos-
itive Euler characteristic, compact symmetric spaces [3], [17] and generalised symmetric
spaces [18].

3.2. On minimal model theory. (see [8]) Let (A, d4) be a commutative graded differen-
tial algebra over the real numbers. A differential graded algebra (14, d) is called minimal

model for (A,d ) if

(i) there exists differential graded algebra morphism h4: (ua,d) — (4,d4) in-
ducing an isomorphism in their cohomology algebras (such h 4 is called quasi-
isomorphism);

(ii) (pa,d) is a free algebra in the sense that uy = AV is an exterior algebra over
graded vector space V;

(iii) differential d is indecomposable meaning that for a fixed set V' = {P,,« € I} of
free generators of p4 for any P, € V, d(P,) is a polynomial in generators P
with no linear part.

Two algebras are said to be weakly equivalent if there exists quasi-isomorphism between
them. This is equivalent to say that these algebras have isomorphic minimal models. The
algebra (A, dy4) is said to be formal if it is weakly equivalent to the algebra (H*(A),0).

For a smooth connected manifold M, the minimal model is by definition the minimal
model of its de Rham algebra of differential forms Qpgr(M). In the case when M is
simply connected manifold its minimal model completely classifies its rational homotopy
type. The manifold M is said to be formal (in the sense of Sullivan) if Qpr (M) is a formal
algebra.

It is a classical result [15] that compact homogeneous space is formal if and only if
it is a Cartan pair homogeneous space. In particular, all generalised symmetric spaces are
formal in the sense of Sullivan [10]. Thus the minimal model for Cartan pair homogeneous
space G/ H (see [3]) is given by u = (AV, d) where

) Vo= (U, ey Uty U1y e ey Uky Zrly e e oy Zn)

3) d(u;) =0, d(v;) = p*(F;), d(z)=0

with u; correspond to the remaining generators of H*(BH; ), while v, correspond to the
remaining elements of the sequence p*(P),. .., p*(P.).

3.3. The loop space rational homology. Let u = (AV, d) be a Sullivan minimal model
of a simply connected topological space M with the rational homology of finite type. Then
d: V — AZ2V can be decomposed as d = dy + dy + -+ -, where d;: V — AZ7H1V,
In particular, d; is called the quadratic part of the differential d.

The homotopy Lie algebra £ of y is defined in the following way. The underlying
graded vector space L is given by

sL = Hom(V, Q)
where sL denotes the usual suspension defined by (sL); = (L);—;. We can define a
pairing (; ): V x sL — Qby (v;sx) = (—1)98Ysz(v) and extend it to (k + 1)-linear
maps
APV x sL x -+ x sL — Q
by letting

(U A AN Ug; STy .., ST1) = Z €6 (Vo(1); 521) - -+ (Vo () STh)
o€Sk
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where Sj is the symmetric group and €, = +1 are determined by

Ug(1) N - N Vg(k) = €aV1 A+ N\ Vg

Then the space L inherits a Lie bracket [, ]: L x L — L from d; uniquely determined
by
) (5 sl 0]} = (1) (dyvs sz, sy)  forz,y € Lv € V.

Denote by L the Lie algebra (L, [, |).

On the other hand in the category of topological spaces and continuous maps, we
can define the Samelson products [f, g]: SPT9 — QM of maps f: SP — QM and
g: 89 — QM by the composite

SP A ST IO A QM -5 QM

where ¢ is given by the multiplicative commutator, that is, c(x,y) = x-y-z -y~ L. Recall
that there is a graded Lie algebra L, = (7.(QM) ®@ Q; [, ]) called the rational homotopy
Lie algebra of M, for which the commutator [, | is given by the Samelson product. There
is an isomorphism between the rational homotopy Lie algebra Lj; and the homotopy Lie
algebra L of p. Milnor and Moore [see Appendix in [12]] showed that for a path connected
homotopy associative H-space with unit G, there is an isomorphism of Hopf algebras
U(m(G) ® Q) = H,.(G;Q). As loop multiplication is homotopy associative with unit,
applying the Milnor and Moore theorem to our case, it follows that

H.(QM;Q)=UL
where U L is the universal enveloping algebra for £. Further on,
ULZ=T(L)/(zy — (~1)%8= 48 Yya — [z,y)).

For a more detailed account of this construction see for example [8], Chapters 12 and 16.

1

3.4. The loop space of some generalised symmetric spaces. Recall from [18] that the
rational cohomology of SU(2n + 1)/T™ is given by

H*(SU(2n+ 1)/Tn,(@) = Q[Z‘l,...,SCn]/<P2,P4,...,P2"> ®/\(Zg,25,...,2’2n+1),

where Py; = Z?=1 x?l 1<i<mnanddegz; =2, degz2j41 = 4j + 1. Since SU(2n +
1)/T™ is formal, the minimal model for SU(2n + 1)/T™ is the minimal model for the
commutative differential graded algebra (H*(M;Q),d = 0). Itis given by u = (AV,d),
where
V=(21, o, Ty YLy ey Yny 21y -+ - Zn)
withdegu; = 2,degy; =4i —landdegz; =4i+ 1forl <i<n.
The differential d is defined by

n
®) d(x;) =d(z) =0, d(y) =Y 3.
j=1
Theorem 3.1. The rational homology ring of the loop space on the manifold SU (2n +
1)/T™is
(6) H.(QSU(2n+1)/T™);Q) =
(T(a17...,an)/<a% =...= ai,aiaj =—aja;|1<14,j< n>)®@[b27...,bn,cl,...,cn

where the generators a; are of degree 1 for 1 < i < n, the generators b; are of degree
45 — 2 for 2 < 5 < n, and the generators cy, are of degree 4k for 1 < k < n.
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Proof. The underlying vector space of the homotopy Lie algebra £ of p is given by
L=(a,...,an,b1,...,bpn,c1,...,Cp)

where deg(a;) = 1, deg(b;) = 4i — 2 and deg(c;) = 4difor1 <k <n.

In order to define Lie brackets we need the quadratic part d; of the differential in the
minimal model. In this case, using the differential d defined in (5), the quadratic part d; is
given by

di(z;) = di(z) =0 di(y1) = Qfodl(yj) =0 fork#1.

Jj=1

By the defining property of the Lie bracket stated in (4), we have

(y1, slai, a;]) = <Z x?;sai,sai> = (22 50, 5a;) = 2
[ai,bj] = [ai,cj} = [bi,bj] = [bi,Cj] = [CZ',CJ‘} =0forl < i,j < nand
[a;,a;] =0fori+#j.

Therefore in the tensor algebra T (a1, . .., an, b1, ..., bn, c1,. .., cpn), the Lie brackets above
induce the following relations

aia; +aja; =0 forl <i,7<n,i#j

a? = forl<i<n
a,ibj = bjai for 1 < i,j <n
a;Cj = Cjay4 for 1 S ’L,] S n
b;ib; = b;b; for1 <i,7<n
biCj :Cjbi for 1 SL] <n
CiCj = CjC4 for 1 < i,j <n.
This proves the theorem. U

Since the rational cohomology algebra for SU(2n)/T™ is given by
H*(SU(27’L)/T”,Q) = Q[,Th L. ,LL’n]/<P2,P4, ceey P2n> 024 /\(2’3, 25y - Zgnfl),

where Py; = 27:1 x?i, 1<i<nanddegz; = 2,degzp;11 =4j+1forl1 <j<n-1
in the same way as in Theorem 3.1 we prove the following.

Theorem 3.2. The rational homology of the loop space on the manifold SU (2n)/T™ is
@) H.(QSU(2n)/T™);Q) =

(T(al,...,an)/<a% =...=a’,aia; = —aja; |1 <i,j < n>)®(@[b2,...,bn,cl,...,cn_l]

where the generators a; are of degree 1 for 1 < i < n, the generators b; are of degree
45 — 2 for 2 < j < n, and the generators cy, are of degree 4k for 1 < k <n — 1. [l

Theorem 3.3. The rational homology of the based loop space on SO(2n+2)/T" is given
by
H,((SO(2n +2)/T"); Q)
2_ _ .2
(T(al,...,an)/< ==y >) ® Qlba, ..., bp, byy1]

ara; = —ajay for k #1

Il

where the generators a; are of degree 1 for 1 < i < n, the generators by, are of degree
4k — 2 for 2 < k < n, and the generator b, is of degree 2n.
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Proof. The rational cohomology of SO(2n + 2)/T™ is given by
H*(SO(2n +2)/T™; Q) = (Qz1, ..., zn]/ (P2, Py, ..., Pan)) @ A(z)

where Py, = > i a2F, deg(x;) = 2 for 1 < i < n, deg(Pyy) = 4k for2 < k < n,
and deg(z) = 2n + 1. The minimal model for SO(2n + 2)/T™ is the minimal model
for the commutative differential algebra (H*(SO(2n + 2)/T™;Q),d = 0). It is given by
u = (AV,d), where

V = (xla"'7xn7yla"'7yn7yn+1)>

deg(zr) = 2,deg(yr) = 4k — 1 for 1 < k < n and deg(y,+1) = 2n + L.
The differential d is given by

(8) d(zr) =0, d(y) = P = » 2% for1 <k < nandd(yn41) =0.

i=1
Now the underlying vector space of the homotopy Lie algebra L of x4 is given by
L = (al,...,an,bl,...,bn,bm_l)

where deg(ay) = 1, deg(by) = 4k — 2 for 1 < k < n and deg(b,+1) = 2n. In order to
define Lie brackets we need the quadratic part d; of the differential d defined in (8). It is
given by

n

di(zg) =0, di(y1) = in dq1(y) =0 for2 < k <mnanddi(y,+1) =0.
i=1

For dimensional reasons, we have
[ak, b)) = [bs,by) =0for1 <k <mand1 <s,l<n+1.

By the defining property of the Lie bracket stated in (4), we have
(y1, slag, ax]) = <Z r3; sak7sa;€> = (2%; say, sax) = 1 and

(1, s[ak,a;]) = 0fork #1

resulting in the non-trivial commutators
[ak,ar] = 2by for 1 <k <n.

Therefore in the tensor algebra T'(aq, ..., an,b1, ..., by, byy1) the Lie brackets above in-
duce the following relations

brb; = biby forl1 <k, l<n-+1

Qai:bl forl1<k<n

ara; = —aga,  forl <k, 1 <n

arb; = bjay, forl<k<nandl1 <[ <n+1.

Thus
© ve=(1( (= © Qbbb
— a1,.-.,0n akal:_alakfork#l 25+-+5yUn,Un+t1] -

This proves the theorem. U
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Theorem 3.4. The rational homology ring of the loop space on the manifold SO(8)/T? is
(10) H.(Q(SO(8)/T7); Q) =

(T(al, as)/ <a% = a3 =ajas + a2a1>) ® Q[b, c1, 2]
where the generators a; are of degree 1 for i = 1,2, the generators by is of degree 10, and
the generators c1, co are of degree 6.

Proof. The rational cohomology for SO(8)/T? (see for example [18]) is given by
H*(SO(8)/T% Q) = Q[x1, x2]/(x? + 23 4+ x19, (z1 + x2)%2323) @ A(22, 24)
implying that its minimal model is of the form (AV,d) where V' = (1, 22, y1, Y2, 21, 22)»

degz; = 2,degy; = 3,degys = 11, degz; = degzy = 7 and

d(z;) = d(z) =0, d(y1) = 1’? + x% + w122, d(y2) = (21 + 552)2%%53% .

Therefore its rational homotopy Lie algebra is given by L = (a1, ag, b1, ba, ¢1,¢2), dega; =

1,deg by = 2, deg by = 10, deg ¢y = degco = 6, and

[ai, bj] = [ai, ¢;] = [bi, bj] = [bi, ¢;] = [ci, ¢5] =0, [a1, a1] = [ag, ag] = 2b1, [a1,a2] = b1 .
These commutators imply the needed relations in U £ and thus we obtain the ring struc-

ture of the rational homology for the based loop space on SO(8) /T2 O

Theorem 3.5. The rational homology of the loop space on the manifold Eg/T* is given
by
(1D H*(Es/T" Q) =
(T(ar, a2, a3, a4) {a = a3 = a3 = a, a;a; = —aja; fori # j))@Q[b, bs, br, bs, b1],
where dega; = 1,1 < i < 4 anddegb; =25, j =4,5,7,8,11.
Proof. Let T be the maximal torus in Eg containing T¢. The Weyl invariant generating
polynomials for H* (B Eg; Q) may be taken to be P, = 30, (miie)k—i—zlgkjgﬁ(—mi —
xj)k for k = 2,5,6,8,9,12. Here x1, ..., xs and € denote the canonical coordinates for
TS in Eg where 2?21 x; = 0 (see for example [15]). The rational cohomology algebra for
Eg/T* is in [19] given by
H*(Es/T*; Q) = H*(BT,Q)/ {p*(P2), p* (Ps), p* (Ps), p" (Pr2)) ® A(25, 29)
where p* denotes the restriction from the maximal torus T% in Ejg to the torus T%. If H;,
1 < ¢ < 6 is Shevalley basis for TS, then t_he basis for T4 i_n the case of ger_leralised
symmetric space Eg/T*is by [18] given by H, = Hy + Hs, Hy = Hy + Hy, H3 = Hj
and H, = Hyg. Therefore it follows from [19] that when restricted to T%, z1, . . ., g satisfy
Ir1 = —Te, L2 = —T5, T3 = —I4.
Thus the minimal model for Eg/T* is given by
V' = (u1, u2, u3, u4, v1,v4, Vs, U7, Vs, U11)
where degu; = 2, degv; = 25 + 1, and d(u;) = 0, d(va) = d(vg) = 0 while d(v;) =
p*(Py;yo) fori =1,5,7,11. It further implies that the quadratic part d; of the differential
d vanishes except d; (v1) = 12(u? +u3+u+u3). Therefore for the homotopy Lie algebra
of this minimal model we obtain

L - (alv az,as, a4, b17 b47 b57 b77 bS? bll)
where dega; = 1, deg b; = 2j and the brackets are given by
[CI,Z‘,CL]‘] = [U,i,bj] = [bk,bl] = 0 [ai,ai] = 24b1.
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It implies that a3 = a3 = a3 = a} = 12by and a;a; + a;ja; = 0 for i # j. O

4. INTEGRAL PONTRJAGIN HOMOLOGY

In this section we study the integral Pontrjagin ring structure of generalised symmet-
ric spaces Q(G/S), where G is a simple Lie group and .S an appropriate toral subgroup
whose rational homology we calculated in the previous section. In addition to the rational
homology calculation we make use of the results from [4] and [14] on integral homology
of the identity component 2oG of the loop space on GG. Recall that for a compact con-
nected Lie group G, the Pontrjagin homology H.(20G; Q) is primitively generated, that
is, it is generated as an algebra by its space of primitive elements. It is well known that
if G is a simply connected Lie group, then mo(G/S) = Z4™m 9 and 73(G/S) = Z. Let
o,fB: 52 — G/S and let &, 3: S* — Q(G/S) denote their adjoints, respectively. The
adjoint W (cv, 8) of the Samelson product [&, 8]: 52 —» Q(G/S) is called the Whitehead
product of v and 3. Let

W WQ(G/S) ® ’/TQ(G/S) — 7T3(G/S)

denote also the pairing given by the Whitehead product. In what follows, we identify
H,(S;Z) with o (G/S) and H2(QG; Z) with w5(G/S) via natural homomorphisms. Thus
since there is no torsion in homology, and using the rational homology results from Sec-
tion 3, we obtain that there is a split extension of algebras

1—— H.(QG;Z) —— H.(QG/S);Z) —— H.(S;Z) —— 1
with the extension given by [a, ] = W(«, 8) € H3(QG;Z), where o, 8 € H(S;Z).
4.1. The integral homology of Q(SU(2n + 1)/T™) and Q(SU (2n)/T™.

Theorem 4.1. The integral Pontrjagin homology ring of the loop space on SU (2n+1)/T"
is
H, (QUSU@2n+1)/T");Z) =

(T(xl,...,xn)®Z[y2,...,yn,zl,...,zn})/<x?:...:xi,xpqurqupforl Sp,qgn,p;&@

where the generators x1, . .., x, are of degree 1, the generators y; are of degree 41 — 2 for
2 < i < n, the generators z; are of degree 4i for 1 <1 < n.

Proof. We explain the extension of the algebra in more detail for the generalised symmetric
space SU(2n + 1)/T™. Notice that there is a monomorphism of two split extensions of
algebras

1 — H.(QSU(2n + 1); Z) — H,(QSU(2n + 1)/T"); Z) — H.(T™ Z) —> 1

| | L

1 — H.(QSU(2n +1);Q) — H.(USU(2n +1)/T"); Q) — H.(T™;Q) — 1.

Denote by ¢a, ..., C2an41 the universal transgressive generators in H*(SU(2n + 1);7Z)
which map to the symmetric polynomials c; = > Biljy .o Comg1 = &1 - - TonBont1
1<i<j<2n+1
generating H*(BSU(2n + 1);Z). Let T?" be a maximal torus which contains 7. The
2n+1
elements 21, . .., &2,, Zon 11 are the integral generators of H,(T?";Z) and Y. x; = 0.
i=1

Recall from [19] that 29,41 = 0 when restricted to 7™ so that Zo; are integrdl_generators
in H*(T";Z), where 1 < i < n. We denote these generators Z5; by x;, where 1 < ¢ < n.
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Now let 1, . .., Yo, be the integral generators of H,.(Q2SU (2n + 1); Z) obtained by the
transgression of the elements from H, (SU (2n+1); Z) which are the duals of ¢, . . ., G2y 11-
Further, the set of primitive elements in H,.(QSU (2n + 1); Z) is spanned by the elements
01,...,09, wWhich can be expressed in terms of y1, . . ., 2, using the Newton formula

k—1
(12) or =Y (=) or_iyi + (~1) hyr, 1<k < 2n.
i=1

The integral elements o1, . . . , 09, rationalise to the elements by, ¢1, . .., by, ¢, € H.(QSU (2n+
1); Q). The generators aq, ..., a, in H.(T™;Q) are the rationalised images of the inte-

gral generators 1, ..., %, in H,(T™;Z). To decide the integral extension, we consider

the rational Pontrjagin ring structure (6) of Q(SU(2n + 1)/T™). Looking at the above
commutative diagram of the algebra extensions, we conclude that the integral elements

rrry +xay forl <kl <n,k#I,
z;— o1 forl <k <n,

rpop —ox, forl <k<n,1<1<2n
opo; — oo, forl <k, 1 <2n

from H,(Q2(SU(2n + 1)/T™);Z) map to zero in H.(Q(SU(2n + 1)/T™); Q). As the
map between the algebra extensions is a monomorphism, we conclude that these integral
elements are zero. Using that there is no torsion in homology and Newton formula (12),
we have

rrr; oy =0 forl < k,l<n,k#I,

T3 =1 forl1 <k <n,

ey — iz =0 forl <k, I <n,

rpzr —zixcpe =0 forl <k, l<n,

ykyr —Yiye =0 forl <k, il <n

zkyr— iz =0  forl <k l<n

2z — 212, =0 forl1 <k, l<n

which completely describes the integral Pontrjagin ring of Q(SU(2n + 1)/T™). O

In the analogues way we have the following result.
Theorem 4.2. The integral Pontrjagin homology ring of the loop space on SU (2n)/T™ is

H, (SU@2n)/T"); Z) =

(T($1,...7.’13n) ®Z[y27---aynvzla"'7Zn*1])/<x% == xiam,ﬂxq +£Uq$pf0r1 Spvq S nap# Q>
where the generators x1, . .., T, are of degree 1, the generators y; are of degree 41 — 2 for
2 <4 < n, and the generators z; are of degree 41 for1 < i <n — 1. O

4.2. The integral homology of (SO (2n + 2)/T™) and Q(SO(8)/T?).
Lemma 4.3. For k < rank SO(m),

Spin(m)/T* ~ SO(m)/T*.
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Proof. Consider the extended diagram of fibrations and cofibrations

F St St

L i

Z]2 — Spin(m) SO(m)

| |

K — Spin(m)/S* —— SO(m)/S?!

where F' and K are the homotopy fibers of the corresponding horizontal maps. Since
SO(m)/T* is simply connected for any k < rank SO(m), we conclude that F' ~ Z /2 and
thus K =~ x proving that Spin(m)/S* ~ SO(m)/S* and from there that Spin(m)/T* ~
SO(m)/T* for k < rank SO(m). O

Theorem 4.4. The integral Pontrjagin homology ring of the loop space on SO(2n+2)/T"
is

H. (Q(SO(2n +2)/T"); Z) =

(T(21,. - Tn) @ZIY1y -+ s Yn—15Yn + 2, Yn — 2, 2Unt1, - -+, 2Y2n]) /1
where I is generated by

x%—yl,xf—xfﬂ for 1<i<n-—1

rrpxy + zyx) for k#1

Y2 — 2Yi1Yit1 + 2Yi—aYive — .- £ 2yz for 1<i<n—1
(yn + Z) (yn - Z) - 2ynyn+2 +...x 2y2n

where degx; = 1 for 1 < i < n,degy; = 2iforl < i < n—1, deg(y, + 2) =
deg(y, — z) = 2n, deg2y; = 2iforn+1 <i < 2nandys = 1.

Proof. Since SO(2n+2)/T™ ~ Spin(2n+2)/T" by Lemma 4.3, we have that 2(SO(2n+
2)/T™) = Q(Spin(2n + 2)/T™). It is known that QSpin(2n + 2) = QpSO(2n + 2), see
for example [13].

Recall from [4] that the algebra H,(20S0(2n + 2);Z) is generated by the elements
Yls- -y Yn—1,Yn + 2, Yn — 2, 2Yn+1, - - - , 2y2, Which satisfy the relations

y? — 2yi—1yi+1 + 2yi—2yi+2 —...x ngi =0forl S ) S n — 1,

(Un +2)(YUn — 2) = 2YnYns2 + ... £ 2y2, = 0.

These relations eliminate 2y-; as generators for ["%’2} <i<n-—1,whileforl <i <
[%“] — 1, they induce new relations on yo; implying that yo; are generators only in the ho-
mology of 20.50(2n+2) with coefficients where 2 is not invertible. The subspace of prim-
itive elements in H,(Q0SO(2n+2); Z) is spanned by the elements py, ps, . . . Dn—1, 22, 2Pp+1,
for n odd and by the elements p1,ps, ..., Pn, 22, 2Dpy2; - - -, 2P2(n—1)+1 for n + 1 even.
These primitive generators are obtained by transgressing the elements in H,(SO(2n +
2); Z) which are the Poincare duals of the universal transgressive generators G, . . . , Gy, A

in H*(SO(2n+2); Z). The generators 61, . . . , &, A map to the polynomials o (23, ..., z2 ;)
for1 <i<nand\ =z - z,41 which generate the free part in H*(BSO(2n + 2);Z).
here 1, ..., x, are the generators for H,(T""1;Z) where T"*! is the maximal torus for
SO(2n + 2). Recall from [18] that in the case of generalised symmetric space SO(2n +
2)/T™ we have that 7™ is embedded in 7"*! in a such a way that 2,41 = 0 on 7" and
thus gives the morphism H,(Q0S0(2n + 2); Q) — H,.(Q(SO(2n +2)/T™); Q).

cevs 2P2n1
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The proof of the theorem is now analogue to the proof of Theorems 4.3 an 4.4 in [7].
We consider the morphism of two extensions of algebras

H,(QSO0(2n +2);Z) —— H,.((SO(2n +2)/T");Z) — H.(T™; Z)

| | |

H.(2050(2n +2);Q) —— H,.(Q(SO(2n+2)/T™); Q) —— H.(T™; Q).

and taking into account the rational homology calculations of (SO (2n + 2)/T™) in The-
orem 3.3 and the above description of the algebra H, (SO (2n + 2); Z) we come to the
result. O

Theorem 4.5. The integral Pontrjagin homology ring of the loop space on SO(8)/T? is
H, (Q(SO()/T?);Z) =

(T(z1,22) @ Z[y1, Y2, Y3 + 2, Y3 — 2, 24, 2ys5, 2ys)) /1

where I is generated by

‘T% - Y1, x% - x%

ac% — X112 + T2

Y2 = 2Y;1Yit1 + 2Yi—2Yito — ... £ 2y for 1 <i <2

(ys + 2)(ys — 2) — 2y3ys + 2ys
where degx1 = degxs = 1, degys = 2, degys = 4, deg(ys + 2) = deg(ys — z) = 6,
deg2y; = 2iford <i < 6andyy =1 [l
Remark 4.6. Tt follows from [18] that for this generalised symmetric space 72 is embedded
in the maximal torus 7 for SO(8) in such a way that the canonical integral generators

Ty, T2, 23, 24 for H,(T*;Z) restrict on T2 to 24 = 0 and 21 = 2 + 3. We took this into
account when we considered the morphism H., (Q2050(8); Q) — H.(Q(SO(8)/T?); Q).

4.3. The integral homology of Q(Es/T*). The integral homology algebra H. (Q2E; Z)
is described in [14] and it is given by
H.(QEg; Z) = Z[y1,y2, Y3, Ya, Y5, U7> Ys, y11]/ (U7 — 292, 9192 — 3ys)
where degy; = 2i for: =1,2,3,4,5,7,8,11.
Using the same argument as for the previous cases, we deduce the integral Pontrjagin
homology of the based loop space on Eg/T*.

Theorem 4.7. The integral Pontrjagin homology ring of Q(Eg/T?) is given by
H, (Q(Eq/T"); Z) =
(T'(z1, 22,73, 74) @ Z[Y1, Y2, Y3, Y4, Ys, Y7, Ys, Y11]) /1

where I = <xi =12y; for1 <k <4, zpxg+xqxp for 1 <p,q <4, 2yp = x‘{, 3ys =
x%y2> and where degx; = 1for1 <1 <4, anddegy; = 2i fori=1,2,3,4,5,7,8,11.

5. APPENDIX

In the Appendix we illustrate that our methods could be applied not only to generalised
symmetric spaces having toral stationary subgroup but wider. We concentrate on the ex-
ample of U(n)/(T* x U(n — k)) fork <n — 2.

Lemma 5.1. The homology groups H,(Q(U(n)/T" x U(k));Z), |l + k < n, are torsion
free.
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Proof. AsU(n)/U (k) is simply connected and H.. (U (n)/U(k); Z) = Z]xog, . . . , Ta(n-1)]»
the statement follows by Proposition 2.1. (I

Theorem 5.2. The rational homology ring of the loop space on the manifold U (n) /(T* x
Umn—=~k),k<n-—2is

(13)  HQU®)/(T* x Uln—k));Q) = Alas, .., ax) ® Qlbn—ri1,- -, bal,

where the generators a; are of degree 1 for 1 < i < k, and the generators b; are of degree
2j—2forn—k+1<j<n

Proof. 1t follows from [18] and [19] that the rational cohomology for this space is given
by

H*(UM)/(TF x U(n —k)); Q) = Qlz1, ..., 21/ (Po—kst,- - Pn)
where P; = Y_ @) forn —k+1 < j < n. Since deg(P;) = 2j > 2(n —k +1) > 6
we conclude that the differential of the minimal model for this spaces has no quadratic
part. Therefore the given procedure for the computation of the corresponding loop space
homology leads to formula (13). (]

Theorem 5.3. The integral Pontrjagin homology ring of the loop space on U(n)/(T* x
Un—k),k<n-—2is

(14)  H QUMW) /(TF x U —k));Z) =A@, 28) @ ZYn—tks1s- - - Yn)

where the generators x; are of degree 1 for 1 < i < k and the generators y; are of degree
2] —2forn—k+1<j<n.

Proof. Tt follows from Lemma 5.1 and rational computation given in Theorem 5.2 that
the fibration Q(U(n)/U(n — k)) — QU(n)/(T* x U(n — k))) — T* induces the
monomorphism of two split algebra extensions

1 —— H.(QUU(n)/U(k)); Z) — H.(QU(n)/(T* x Un — k))); Z) — H(T* Z) —

I
1 — H.(QU®)/U(k); Q) — H.(QU(n)/(T" x U(n — k))); Q) — H.(T" Q) — L

As all the Whitehead products which define the extension are trivial, the theorem fol-
lows at once. O
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