A UNIVERSAL PROPERTY FOR Sp(2) AT THE PRIME 3

JELENA GRBIC AND STEPHEN THERIAULT

ABSTRACT. We study a universal property of Sp(2) in the category of 3-local homotopy associative,
homotopy commutative H-spaces. We show that while Sp(2) fails to be universal in the full

category, there is a subcategory in which it is universal for its 7-skeleton.

1. INTRODUCTION

If V is a graded vector space then the tensor algebra T'(V') is universal for V' in the category of
associative algebras. That is, if M is an associative algebra then there is a one-to-one correspondence
between linear maps V' — M and algebra maps T(V) — M. On the level of spaces, if X is a
path-connected space then the Bott-Samelson theorem implies that H, (QXX) = T(H,(X)). This
suggests that 2XX ought to be universal for X in the category of homotopy associative H-spaces,
that is, if Y is a homotopy associative H-space, then there ought to be a one-to-one correspondence
between continuous maps X — Y and H-maps QXX — Y. James [J] proved that this is the
case.

The next step is to consider universality in the category of associative, commutative spaces. The
algebra is easy. If V is a graded vector space then the symmetric algebra S(V') is universal for V
in the category of associative, commutative algebras. However, realizing this on the level of spaces
is problematic. If X is a path-connected space then a universal space S(X) is characterized by
the property that there is a one-to-one correspondence between continuous maps X — Z and
H-maps S(X) — Z whenever Z is a homotopy associative, homotopy commutative H-space. In
particular, S(X) ought to have the property that H,(S(X)) = S(H.(X)). However, the most
basic example is a sphere S?"t! whose homology suggests that it ought to be universal for itself,
implying that the sphere ought to be a homotopy associative, homotopy commutative H-space,
which is false. After localizing at a prime p > 5, though, $?"*! is a homotopy associative, homotopy
commutative H-space and so it is more appropriate to consider this universal property in a p-local
setting. Recently, there has been considerable interest in p-local universal spaces. There is no known
functorial construction, but several useful examples have been established [G1, G2, GT, Gr, T1, T2].
In all of these, a key ingredient in proving the universal property has been the existence of a retraction

of S(X) off QX X, which for technical reasons requires p > 5.
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The repeated restrictions to p > 5 begs the question of what happens at the prime 3. The purpose
of this paper is to investigate a 3-primary example in detail to try to better understand to what
extent a universal property can succeed or fail. From here on, we assume that all spaces and maps
have been localized at 3 and take homology with mod-3 coefficients. An appropriate example S(X)
must be an H-space which is homotopy associative, homotopy commutative, and whose homology
is a symmetric algebra generated by H.(X). Most 3-local H-spaces fail at least one of these three
requirements. An odd dimensional sphere, for example, satisfies the last two but not the first, while a
double loop space satisfies the first two but not the last. One choice stands out: the Lie group Sp(2).
It is a loop space and so is homotopy associative, and McGibbon [Mc] showed that the standard loop
multiplication is homotopy commutative at 3. The 7-skeleton A of Sp(2) is a two-cell complex with
cells in dimensions 3 and 7. Homologically, H,(Sp(2)) = A(H,(A)) (= S(H,(A))). In Theorem 1.1
we show that, modulo conditions on the homotopy groups w3 and w17, Sp(2) is universal for A.
We go on in Section 5 to show that Sp(2) cannot be universal for A without qualification, and
give examples to show that the partial universal property does require some condition on both ;3
and 7.

If X and Z are spaces, let [X, Z] be the set of homotopy classes of maps from X to Z, and if X
and Z are H-spaces, let H[X, Z] be the set of homotopy classes of H-maps from X to Z. Notice
that [X, Z] is a group if Z is homotopy associative and has a homotopy inverse, but H[X, Z] need
not be since the multiplication on Z need not be an H-map. If Z is also homotopy commutative,

then the multiplication on Z is an H-map and so H[X, Z] is an abelian group.

Theorem 1.1. Let Z be a homotopy associative, homotopy commutative H -space with the property
that m3(Z) = m17(Z) = 0. Then any map A — Z extends to an H-map Sp(2) — Z which is

unique up to homotopy. Moreover, the one-to-one correspondence
(A, Z] = H[Sp(2), Z]
is an isomorphism of abelian groups.

A useful example is when Z = Sp(2). By [MT], m13(Sp(2)) = m17(Sp(2)) = 0, so Theorem 1.1
can be applied to obtain the following.

Corollary 1.2. There is a group isomorphism [A, Sp(2)] =2 H[Sp(2), Sp(2)]. O

Corollary 1.2 lets us determine all the homotopy classes of multiplicative self-maps of Sp(2) by
calculating [A4, Sp(2)]. This is fairly simple to do. Observe that the inclusion Sp(2) — Sp(o0) is
9-connected, so as A is 7-dimensional there is an isomorphism [A, Sp(2)] = [4, Sp(co)]. Adjointing,
we have [A, Sp(o0)] = [EA, BSp(c0)] = I/(TS'/p(EA), where I/(\S_’;)( ) is (3-local) reduced quaternionic
K-theory. It is straightforward to show that I?S;?(EA) is a free group on two generators, and
under this isomorphism an explicit generating set of [A, Sp(2)] is given by the maps i: A — Sp(2)
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and g: A -4 §7 %, Sp(2) where ¢ is the inclusion, ¢ is the pinch map to the top cell, and
c is the characteristic map, which has the property that its composition with the quotient map
Sp(2) — Sp(2)/Sp(1) ~ S7 is of degree 3. Theorem 1.1 implies that i and g extend to H-maps
t: Sp(2) — Sp(2) and v: Sp(2) — Sp(2) respectively. Since the identity map on Sp(2) is also an
H-map which extends ¢, the uniqueness condition in Theorem 1.1 implies that ¢ is homotopic to the
identity map. Thus we obtain a group isomorphism H[Sp(2), Sp(2)] = Zs)(t,y), where the right
side is the free group on the indicated generators.

The authors would like to thank the referee whose constructive comments led to the addition of

Section 5, making this a more complete paper.

2. A CONSTRUCTION OF FINITE H-SPACES

Cohen and Neisendorfer [CN] gave a construction of finite H-spaces, for which the statement is as
follows. Fix an odd prime p. Let X be a CW-complex consisting of [ odd dimensional cells, where
I < p—1. Now localize at p and take homology with mod-p coefficients. Then there is an H-space
Y with the property that H,(Y) = A(H,(X)).

At first glance this does not seem relevant to our case. We are considering Sp(2) at 3 which is
already known to be an H-space. Moreover, while A has only odd dimensional cells and H, (Sp(2)) &
A(H,(A)), we have fallen outside the allowable parameters as A has 2 cells and we are localizing at
the prime 3.

However, there are aspects of the construction which are useful in our case. To discuss these, we
review the work in [CN], beginning with some algebra. For a graded vector space V', let L = L{V') be
the free Lie algebra generated by V. Let UL be the universal enveloping algebra. Let L., = Ly (V)
be the free abelian Lie algebra generated by V', that is, the bracket in L, is identically zero. Let
[L, L] be the kernel of the quotient map L — Lgp,. The short exact sequence of Lie algebras

0— [L,L] — L—Lgp —0
induces a split short exact sequence of Hopf algebras
0 — U[L,L]| — UL — ULy — 0

for which there is an isomorphism UL = U[L, L] ® ULy, of left U[L, L]-modules and right UL -
comodules.
When the elements in V' are all of odd degree, an explicit Lie basis for [L, L] is given by the

following.

Lemma 2.1. Suppose V = {uy,...,u;} where each u; is of odd degree and l is a positive integer.

Let L = L{V). Then a Lie basis for [L, L] is given by the elements

[ui’ uj]’ [Uk17 [uivuj”’ [ukw [uk17 [ui7ujm7 s



4 JELENA GRBIC AND STEPHEN THERIAULT

where 1 < j<i<land 1 <k <ki_1<- - <ky<ki<i. O

Let Vi consist of those Lie basis elements of bracket length k. Lemma 2.1 implies that V,,, =0
for all m > 1+ 2, so a basis for [L, L] is given by @?':12%..

We now bring in the topology. Let X be a C'W-complex consisting of I odd dimensional cells and
localize at p. Note that we do not impose a restriction on [ at this point. Let V = fl*(X) We wish
to geometrically realize the Lie basis elements of [L, L] in Lemma 2.1 as certain Whitehead products

on ¥X. Let X(®) be the k-fold smash of X with itself and let
wy: IX® — nx
be the k-fold Whitehead product of the identity map on XX with itself. For k > 2, define the map
Br: 2X®) — nx®)

inductively by letting 8o =1 —(1,2) and 8 = (1 — (k,k—1,...,2,1)) o (1L A Bk—1), where (1,2) and
(k,k—1,...,2,1) are permutations of the smash factors. In homology, (8x)«(c(z1 ® -+ ® z1)) =
olzy, [x2, ... [Tr_1,2] .. .]], and we have (8;)« o (Ok)x =k - (Ok)«.

If k is not a multiple of p, then 3, = % - B), is an idempotent in homology. One consequence of
this is that after looping and restricting to k < p, the composite QXX (¥) Q—EI% OnX® 2% 0N X has
the property that its image in homology is UL(V}). In such cases, let R and Sy be the mapping

telescopes of 3, and (1 — 3,) respectively. Define \; as the composite
Akt Ry — X0 % 51y
The idempotent property of () )« is used to prove the following lemma.

Lemma 2.2. Fork < p there is a homotopy decomposition X *) ~ Ry \/ S}, where the cells of Ry, are
in one-to-one correspondence with the elements in the module XVy. Further, (Q\;)« maps H,.(QRy)

isomorphically onto the submodule UL(V}) of UL. O

Now a restriction is imposed on the number of odd dimensional cells [. If | < p — 1, Lemma 2.1
implies that a Lie basis for L consists of brackets of length k for 2 < k < p. Collecting the 2 < k < p
cases, let R = \/i;; Rj and define \: R — Y X as the wedge sum of the maps A;. Then the
image of (Q\). is U[L, L]. Define Y as the homotopy fiber of A, so we get an induced homotopy
fibration QR 2% QXX — Y which defines the map r. A homological model for this fibration is
the short exact sequence of Hopf algebras 0 — U[L,L] — UL — ULy, — 0. In particular,
H,(Y) 22 ULq = A(H.(X)).

Lemma 2.3 will imply that r has a right homotopy inverse. Thus QXX ~ Y x QR, and so Y
is an H-space. It is important to note that Lemma 2.3 holds in slightly more generality, when the

number / of odd dimensional cells satisfies | < p rather than | < p — 1 as before.
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Lemma 2.3. Fiz a prime p. Suppose X is a CW -complex consisting of | odd dimensional cells,
| < p. Localize at p. Suppose there is a map QXX —— Y which in homology is the abelianization
T(H,(X)) — A(H.(X)). Then r has a right homotopy inverse. O

The example of interest is the following.

Example 2.4. Let p = 3 and consider the 7-skeleton A of Sp(2). Let V = H,(A) = {u,v},
where |u| = 3 and |v] = 7. By Lemma 2.1, a Lie basis for L = L(u,v) is given by the length 2
brackets Vo = {[u,u], [u,v],[v,v]} and the length 3 brackets V5 = {[u, [u,v]], [v, [u,v]]}. These
can be geometrically realized by Lemma 2.2 only when k£ = 2. In this case there is a homotopy
decomposition LA®?) ~ Ry Vv Sy where H,(Ry) = XV;. Since H, (LA®) is a 4-dimensional vector
space while H «(R2) is a 3-dimensional vector space, comparing the degrees of the generators shows
that H,(Sy) = H,(S™) and so Sy ~ S'. The failure of Lemma 2.2 when k = 3 implies that there
is no analogous decomposition of ©A®) which gives a space Rz that can be used to geometrically
realize the brackets in V5. However, in Section 3 we will show that a space R3 realizing V3 can be

defined in a different manner.

3. A FIBRATION FOR Sp(2)

o~

We begin by recalling some basic properties of Sp(2) and its 7-skeleton A. We have H.,(Sp(2))
A(H,(A)) = A(u,v) where |u| = 3, [v| = 7, and there is a dual Steenrod operation given by
Pl(v) = u. Since P! detects the homotopy class a; that generates the stable 3-stem, there is a
homotopy cofibration

502 5% — A
As Sp(2) ~ QBSp(2), there is an evaluation map ev: £Sp(2) — BSp(2). Let j be the composite
j: XA RN »Sp(2) =% BSp(2). Define the space R and the map A by the homotopy fibration

R 2 %A L, BSp(2).
Looping we obtain a homotopy fibration
OR 2 ana 2. sp(2).

The usual method for proving a universal property for an H-space X, as in Theorem 1.1, in-
volves trying to show that there is a split fibration QR(X) D), QY A(X) EISOR X, where A\(X)
factors through Whitehead products. Then an H-map from Q3 A(X) to a homotopy associative,
homotopy commutative space Z has the property that it composes trivially with QA(X), and so
factors through j(X). In our case, we do not have enough control over the space R to identify A
as factoring through Whitehead products. So we aim to replace R by a homotopy equivalent space

R and construct a map R 2,54 which, although it does not quite factor through Whitehead

products, deviates from this in a manner over which we have control.
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While the statements of the following lemmas are phrased in terms of Whitehead products, it
will often be helpful in the proofs to adjoint and use Samelson products instead. In general, for a
space X, let sp: X®) — QXX be the adjoint of the Whitehead product wy. If E: X — QXX
is the suspension map, then s is homotopic to the Samelson product (E, E), and si for k > 2 is
homotopic to the Samelson product (E, sg_1).

We begin with the following observation.

Lemma 3.1. For each k > 2 there is a lift

LAK)

_ 4 X

R— XA
for some map wy.
Proof. By adjointing, it is equivalent to show that the Samelson product A%*) £ QX A lifts through
the map QR 22 O%A. Such a lift exists if and only if the composite A®) 25, Q%A o, Sp(2) is null
homotopic. Samelson products are natural for H-maps between homotopy associative H-spaces, so

Qj o s;, is homotopic to 55 0 i®), where 5, is the k-fold Samelson product of the identity map on

Sp(2) with itself. But as Sp(2) is homotopy commutative, 5 is null homotopic. O

We need to focus on the £ = 2 and k = 3 cases of Lemma 3.1. When k = 2, Example 2.4 says
that there is a homotopy decomposition ¥A®?) ~ R, Vv S, Define A, as the composite

Ry — AP 22 %4,
The following two lemmas give the relevant properties of Ay; the first is a special case of Lemma 2.2.

Lemma 3.2. In homology, LRy 222 0% A has image UL{Va), where Vo = {[u, u], [u, v], [v,v]} is the
Lie basis of length 2 brackets in L{u,v). O

Lemma 3.3. There is a lift

Ry
Az l
A2
_ X
R— YA

for some map As.

Proof. This is immediate from the k& = 2 case of Lemma 3.1. Simply define X2 as the composite

Ry — DA® P2, R 0

The k = 3 case is more delicate. As we are localized at 3, we have (k,p) = 3 and so Lemma 2.2 no
longer applies. The way we get around this will essentially boil down to Lemma 3.4. Let t: S3 — A

(3)
be the inclusion of the bottom cell. Notice that S1°© Z25 5 AG) is the inclusion of the bottom cell.
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(3 w: . .
Lemma 3.4. The composite S'° ZLSAG) 3 %A s nall homotopic.

Proof. By the naturality of the Whitehead product, it is equivalent to show that the composite
S10 3, g4 2t 5 A s null homotopic. In fact, more is true. By [To], the three-primary component
of 710(S%) is the direct sum of two cyclic groups of order 3, generated by the suspension of a;j o ay
on S$3, and by the Whitehead product [a1,:] where ¢ is the identity map on S*. Both maps compose
trivially into $A since it is the homotopy cofiber of the map S7 %% §*. Thus m10(S*) composes

trivially into X A. O
Now observe that as YA®) ~ Ry v S, we have
SA®) ~ AN (RyV S™) ~ (AARy) V(21 A).

Let w3 be the composite

Wy: AN Ry — NAG) 23,914,

The space A A Ry consists of six cells and has a cell diagram

N

22

8

Here, the left column records the dimensions of the cells, and the lines between cells record the pres-

10

ence of nontrivial Steenrod operations, as determined by the Cartan formula. Solid lines represent
the operation P} and the dashed line represents the operation P2. By a change of basis in homology
if necessary, we can regard the left strand as the image of the inclusion S2 A Ry — A A Ry. We
wish to consider the adjoint of the composite S3 A Ry — A A Ry 93, 54 and determine its image
in homology.

To simplify matters, observe that the 11-skeleton of Ry is homotopy equivalent to ©*A, and
consider the further restriction of S A Ry to S A £4A ~ ¥©7A. By Lemma 3.2, the adjoint of the
composite ¥*A — Ry 22, %A sends the degree 6 and 10 generators of H,(X3A) to the elements
[u,u] and [u,v] in H,(QXA). Since the Whitehead product w3 is defined as the iterated Whitehead
product [1,ws], the adjoint of the composite S A X4A — S3A Ry — A ARy D5, 14 sends the
generators in degrees 9 and 13 of H,(X6A) to the elements [u, [u,u]] and [u, [u,v]] in H.(QXA). The
element [u, [u,u]] is zero for degree reasons, but [u, [u, v]] is nonzero. Moreover, taking into account

the Steenrod operation P} we have the following.

Lemma 3.5. The adjoint of the composite S> AN Ry — A A Ry B35, A sends the generators in
degrees 13 and 17 of X~ H.(S3 A Rz) to the elements [u, [u,v]] and 2[v,[u,v]] in H.(QLA).
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Proof. Tt remains to show that the degree 17 generator in ¥~ H,(S% A Ry) has the asserted image.
Observe that for degree reasons, Pl([v, [u,v]]) = 2[u,[u,v]]. So the Steenrod operation implies
that the degree 17 generator of X~1H,(S3 A Ry) is sent to 2[v, [u,v]] + t where ¢ is primitive and
PL(t) = 0. But the submodule of primitives in Hy7(Q2XA) is generated only by the element [v, [u, v]],
sot=0. g

Define X as the quotient space obtained by collapsing out the bottom cell in A A Ry. This gives

a homotopy cofibration

S — AANRy, — X.
Lemma 3.6. There is a homotopy commutative diagram

AANRy —25 ¥4

|

X A

for some map €.

w3

Proof. By Lemma 3.4, the composite S0 — ~A®) X2, 54 is null homotopic. The inclusion of
the bottom cell into Y A®) factors through the map A A Ry — B A®) by connectivity. Thus the

composite S0 — A A Ry 93, 914 is null homotopic, and so the lemma follows. |

The cell diagram for A A Rs in (1) implies that X has five cells, two each in dimensions 14 and
18 and one in dimension 22. Moreover, when the inclusion of the left strand S3 A Ry — A A Rs
has the bottom cell pinched out we obtain a composite ' A — X. Let R3 = X' A4, and define A3

as the composite

)\3R3—>XL>EA

Lemma 3.5 lets us determine the image of (2A3)..

Lemma 3.7. In homology, Q1R3 2% ONA has image UL(Vs), where V3 = {[u, [v,u]], [v, [v, u]]} s
the Lie basis of length 3 brackets in L{u,v).

Proof. We have Rz = X!''A so by the Bott-Samelson theorem there is an algebra isomorphism
H.(QR3) = T(H.(XA)) = T(z,y) where 2 and y are in degrees 13 and 17 respectively. By
Lemma 3.5, (Q\3). sends z and y to [u, [u,v]] and 2[v, [u,v]] respectively. That is, (Q2\3). sends
{z,y} isomorphically onto V5. Extending multiplicatively gives an isomorphism from T'(z,y) to the

submodule T'(V3) =2 UL(V3) of UL{u,v). O

We also want the analogue of Lemma 3.3 for As. To get this, we need a preliminary lemma which

will also be used later in Section 4.
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Lemma 3.8. Let k > 0. Suppose X is a space with the property that w31 (X) = mr41(X) = 0.

Then any map XA — X is null homotopic.

Proof. There is a homotopy cofibration S3+% -5 $k4 -4, §7+k where r is the inclusion of the

bottom cell and ¢ is the pinch onto the top cell. Suppose there is a map f: ¥¥A — X. The
composite f o r represents an element of w3y, (X). Since this homotopy group is zero, f or is
null homotopic. Thus f extends across ¢ to a map g: S7** — X. Since m7,x(X) = 0, g is null

homotopic. Hence f is null homotopic. O

Lemma 3.9. There is a lift

for some map 3.

Proof. The space R was defined by the homotopy fibration R — XA 2, BSp(2). So the asserted
lift A3 exists if the composite j o Az is null homotopic. But by definition Rz = X' A and by [MT]

we have m14(BSp(2)) = m1s(BSp(2)) =0, so Lemma 3.8 implies that j o A3 is null homotopic. [
Now we combine the results for Ry and Rs. Let R = Ry V Rz and define
AN R— YA

as the wedge sum of A\ and A3. Define

AMR—R
as the wedge sum of Xg and Xg. Note that Lemmas 3.3 and 3.9 imply that X is a lift of A through
the map & — L A.

Lemma 3.10. The map R 2 Risa homotopy equivalence.

Proof. Since R and R are simply connected, Xis a homotopy equivalence if and only if QN is a
homotopy equivalence. For the latter, it suffices to show that (QX)* is an ismorphism in homology.
We will do this by showing that both QR 2054 and OR LN Q> A are injections in homology
and have isomorphic images.

As in Section 2, with L = L(u, v), there is a short exact sequence of Lie algebras 0 — [L, L] Z,

L %5 L, —> 0 which determines a split short exact sequence of Hopf algebras 0 — U|L, L] LR
urL Y, UL, — 0 such that there is an isomorphism UL = U[L, L|®U Ly, as left U[L, L]-modules.
Note in our case that as u,v are in odd dimensions, UL, = A(u,v).

First, consider the homotopy fibration QR LN oxa Y, g p(2) and the Eilenberg-Moore spectral

sequence which converges to H,(QR). Since (£2j). sends u and v to the generators of H,(Sp(2)),
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multiplicativity implies that (€2j). is the abelianization of the tensor algebra. Thus QXA 2,
Sp(2) is modelled homologically by UL U9, ULqy. Since UL is a free left U[L, L]-module, the
Eilenberg-Moore spectral sequence under consideration collapses, and therefore there is an isomor-
phism H,(QR) = U[L, L] and an identification of (Q\), with U f.

Next, consider the map QR 2\ O¥A. Since R = Ry V R3 and X is the wedge sum of Ay
and A3, Lemmas 3.2 and 3.7 imply that (Q)\), is an isomorphism onto the subalgebra UL(V, & V3)
of UL = UL(u,v). By Lemma 2.1, Vo, @ V3 is a Lie basis for U[L, L], and so (2)), is an isomorphism
onto U[L, L]. Hence (Q)), and (), have isomorphic images, as required. O

The homotopy equivalence in Lemma 3.10 lets us replace the space R and the map A in the

homotopy fibration R Xyt BSp(2) with R and X to get the following.
Proposition 3.11. There is a homotopy fibration R 2ona L BSp(2). O

4. THE UNIVERSAL PROPERTY

We begin by stating a theorem due to James [J].

Theorem 4.1. Let X be a path-connected space and let Y be a homotopy associative H-space. Let
f: X — Y be any map. Then there is a unique H-map f: QXX — Y such that fo E ~ f. ]

In our case, suppose we are given a map f: A — Z where Z is a homotopy associative, homotopy
commutative H-space. The homotopy associativity property of Z lets us apply Theorem 4.1 to
extend f in a unique way to an H-map f: QXA — Z. In Lemmas 4.2 and 4.3 we consider how f

behaves with respect to the homotopy fibration QR 2 axa Y, Sp(2).

Lemma 4.2. Let Z be a homotopy associative, homotopy commutative H-space with the property

that m13(Z) = m17(Z) = 0. Then the composite QR 2 054 L Z s null homotopic.

Proof. In general, let X and Y be spaces. Let evx be the composite QX =5 X X, X VY where ev
is the evaluation map and iy is the inclusion. Define evy similarly with respect to Y. It is well known
that the inclusion of the wedge into the product gives a homotopy fibration QX AQY Vo Xvy —
X xY where W is the Whitehead product of the maps evy and evy. After looping, the maps Qix,
Qiy, and QW multiply to give a homotopy equivalence e : QX x QY x Q(ZQX AQY) — Q(X VY).

In our case we can apply the previous paragraph to R = R,V Rs. Since Q) and f are H-maps, the
composite foQMoe is determined by its restrictions to the factors QRy, QR3, and Q(XQRy A QR3).
So to prove the Lemma it is equivalent to show that each of these three restrictions is null homotopic.

Next, in general, suppose X — Y is a Whitehead product. After looping, Theorem 4.1 implies
that QXX 2% QV is determined by the restriction Qw o E. Note that s = Qw o E is a Samelson
product. Now suppose that Quw is composed with an H-map QY -2, Z where Z is homotopy

associative. Theorem 4.1 implies that goQuw is determined by goQwo E, that is, by gos. Moreover,
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since ¢ is an H-map and Z is homotopy associative, g o s is a Samelson product. So if Z is also
homotopy commutative then g o s is null homotopic, implying that g o Qw is null homotopic.

We apply this twice to our case. First, consider f o Q) o e restricted to QRy. By the definitions
of A and e, the restriction of QX oe to 2Ry is QAs. By the definition of As, it factors through the
Whitehead product YA 22, ¥ A, The argument in the previous paragraph therefore implies that
foQM\, is null homotopic. Second, consider foQMoe restricted to Q(XQRy AQR3). By the definition
of e, this restriction is homotopic to f o QX o QW. Since W is a Whitehead product, the argument
in the previous paragraph implies that f o QX o QW is null homotopic.

Third, consider foQM\oe restricted to QR3. By the definitions of A and e, the restriction of Q\oe
to QRs is QA3. Recall that R3 = 211 A. Theorem 4.1 therefore implies that QXA 223 054 L Z
is determined by f o QA3 o E. This restriction is a map %4 — Z. By hypothesis, m3(Z) =
m17(Z) =0, and so Lemma 3.8 implies that any map 3'°A — Z is null homotopic. Hence f o Q)3

is null homotopic. O

The null homotopy in Lemma 4.2 will now be used to factor f through a map Sp(2) — Z
which can be chosen to be an H-map. First observe that in homology the map QXA o, Sp(2)
induces the abelianization of the tensor algebra. So by Lemma 2.3, j has a right homotopy inverse
s: Sp(2) — QX A. Thus there is a homotopy equivalence

Sp(2) x QR X 0¥ A x Qx4 25 axA
where p is the loop multiplication. Define g as the composite

g9: Sp(2) == az4 L 7.

The decomposition of QXA and the null homotopy for fo QM in Lemma 4.2 lets us argue exactly as
in [G2, 4.2] or [T1, 5.2] to prove the following.

Lemma 4.3. There is a homotopy commutative diagram

(W L Sp(2)
L
7 =7
and g is an H-map. |

Proof of Theorem 1.1. Lemma 4.3 proves the first assertion that any map f: A — Z can be
extended to an H-map ¢: Sp(2) — Z. To show uniqueness, suppose that g,h: Sp(2) — Z are
H-maps extending f. Consider the composites QXA o, Sp(2) 2% 7. Note that by adjunction the
inclusion A —— Sp(2) of the bottom two cells is homotopic to the composite A L oxa Y, Sp(2).
Thus there is a string of homotopies goQjo EF ~ goi~ f ~ hoi ~ ho§)joE. Therefore both
goQj and ho§)j are H-maps extending f. As Z is homotopy associative, Theorem 4.1 implies that
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there is a unique H-map extending f, and so g o 2j ~ h o Qj. Since s is a right homotopy inverse
of j, we have g~ goQjos~hofQjos~h.

At this point, we have proved that the map 0: [A, Z] — H[Sp(2), Z], defined by sending f to g, is
a one-to-one correspondence. Note that the homotopy associativity and homotopy commutativity of
Z implies that both [A, Z] and H[Sp(2), Z] are abelian groups. So to show 6 is a group isomorphism

it suffices to show it is a group homomorphism. This is done exactly as in [GT, Lemma 2.3]. |

5. THE NECESSITY OF THE 713 AND 717 HOMOTOPY GROUP CONDITIONS

Theorem 1.1 states that Sp(2) is universal for A provided Z satisfies a condition on the homotopy
groups w13 and 7. In this section we give examples to show that these conditions are necessary and
that Sp(2) fails to be universal for A in full generality. These require two lemmas as preparation. In
Lemma 5.1 we show that certain maps are not H-maps. In Lemma 5.3 we give an extension property
of Sp(2) for A which is weaker than the universal one. Namely, given a map f: A — Y, where Y
is a homotopy associative H-space, there is an extension to a map f’: Sp(2) — Y. Compared to
the universal framework, ¥ need not be homotopy commutative and f’ need not be an H-map.

As reported in [H], Harper and Zabrodsky showed that any map q: Sp(2) — S7 which is onto
in homology cannot be an H-map. A succinct way of seeing this is to compare the projective planes
of Sp(2) and ST and see that the action of the Steenrod operation P! is incompatible with ¢ being
an H-map. We make use of this by composing ¢ with the double suspension E?: ST — Q25°. A
priori, it may be possible that E? o ¢ is an H-map even if ¢ is not. However, Lemma 5.1, based
on [H, Proposition 3], shows that this is not the case.

In general, if f: A — B is a map between H-spaces, let D(f): A x A — B be the difference
fopua—ppo(fxf), where ua and up are the multiplications on A and B respectively. Observe that
D(f) is null homotopic when restricted to AV A, and so factors through a map D(f): ANA — B
whose homotopy class is uniquely determined by that of D(f). In particular, f is an H-map if and
only if D(f) is null homotopic, which is the case if and only if D(f) is null homotopic. Also, if
g: B — Cis an H-map then D(go f) ~ g o D(f).

Lemma 5.1. Let Sp(2) -4, 87 be any map which is onto in homology. Then the composite

2
Sp(2) L §7 L5 0289 is not an H-map.

Proof. Suppose E? o ¢ is an H-map. Then D(E? o q) is null homotopic. It is well known that E?
is an H-map when localized at an odd prime, so D(E? o q) ~ E? o D(q). Thus E? o D(q) is null

homotopic and so there is a lift

Sp(2) A Sp(2)

2!
/ J/ o
E2

w S7 0289
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for some map ~y, where W is the homotopy fiber of E2. As W is 20-connected and the dimension
of Sp(2) A Sp(2) is 20, the map ~ is null homotopic. Hence D(g) is null homotopic and so ¢ is an

H-map, a contradiction. O

Next, recall from Section 4 that there is a homotopy equivalence

Sp(2) x QR 25 Q%4 x Q¥4 5 ¥ A

where p is the loop multiplication.

Lemma 5.2. There is a homotopy commutative diagram

E
A

QXA

Sp(2) ——= Q¥ A.

Proof. 1t is equivalent to show that the composite h: A £, 054 ™, QR is null homotopic, where
o is the projection. As A is of dimension 7, it suffices to consider the 7-skeleton of QR. By
definition, R = Ry V R3 where Ry has cells in dimensions 7, 11 and 15, and R3 is 13-connected.
Thus the 7-skeleton of QR is S®. Since 73(S5%) = 77(S®) = 0, Lemma 3.8 implies that h is null

homotopic. O

Lemma 5.3. Suppose there is a map f: A — Y where Y is a homotopy associative H-space. Then

there is a map f': Sp(2) — Y such that f' oi~ f.

Proof. By Theorem 4.1, f extends to an H-map f: Q3A — Y such that foE ~ f. By Lemma 5.2,

E ~ 501, so if we define f' = f o s then the lemma follows. |

In Example 5.4 we will show that Sp(2) cannot be universal for A without qualification. Exam-
ple 5.5 will build on Example 5.4 to show that some condition on ;3 is necessary in Theorem 1.1

and Example 5.6 will show that some condition on 77 is also necessary.

2
Example 5.4. Let f be the composite A — S7 = 0259, where the left map is the pinch onto
the top cell. Since Q25 is a homotopy associative, homotopy commutative H-space, if Sp(2) were

universal for A there would be a homotopy commutative diagram

A *f> QQSQ

— 2
where f is an H-map. Since Sp(2) is 10-dimensional and S7 L0259 is a homotopy equivalence

through dimension 20, f lifts through E? to a map q: Sp(2) — S7. As f is onto in Hr( ), the
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commutativity of the previous diagram implies that f is too, and therefore so is ¢. Now ¢ is onto in
homology and go E? is an H-map as it is homotopic to f, contradicting Lemma 5.1. Thus f cannot

extend to an H-map, and so Sp(2) is not universal for A.

Example 5.5. Continuing Example 5.4, by Lemma 5.3, the map f does extend to amap f’: Sp(2) —
025, Example 5.4 states that f’ cannot be chosen to be an H-map. We wish to pinpoint the ob-
struction that prevents this. Toda’s [To] calculations of the homotopy groups of spheres in low
dimensions show that m13(Q225%) = 715(S5°) = 0 and m17(Q25°) =2 m19(S°) = Z/3Z. Had 717(025?)
been 0 as well, Theorem 1.1 would have implied that the map f did extend to an H-map. As this
cannot be the case, the obstruction to extending f to an H-map lies in 717(225?). Thus the partial

universal property in Theorem 1.1 does require some condition on 7y7.

Example 5.6. By [H], there is a homotopy fibration S° — B(9,13) — S'3 where H*(B(9,13)) =
A(xg,713) and Pl(wg) = x13. Looping 6 times, there is a map f: A — Q6B(9,13) which includes
the bottom two cells. By Lemma 5.3, f extends to a map f’: Sp(2) — Q5B(9,13). Suppose that f’
can be chosen to be an H-map. Let ¢’ be the composite ¢’: Sp(2) N 0°B(9,13) — Q5513 where
the right side is the 6-fold loop map. Now ¢’ is an H-map, and arguing as in Example 5.4 shows that
g factors as a composite Sp(2) —— S7 =, Q6513 where ¢ is onto in homology and E° is the 6-fold
suspension. Arguing as in the proof of Lemma 5.1 shows that ¢ cannot be an H-map. Thus the
extension f’ cannot be chosen to be an H-map. By [MNT], m13(Q2°B(9,13)) = m19(B(9,13)) 2 Z/3Z
and m17(Q6B(9,13)) = ma3(B(9,13)) = 0. Had 713(2°B(9,13)) been 0 as well, Theorem 1.1 would
have implied that the map f did extend to an H-map. As this is not the case, the obstruction to
extending f to an H-map lies in m13(Q°B(9,13)). Thus the partial universal property in Theorem 1.1

also requires some condition on 7y3.

REFERENCES

[CN] F.R. Cohen and J.A. Neisendorfer, A construction of p-local H-spaces. Algebraic Topology, Aarhus 1982,
351-359, Lecture Notes in Math. 1051, Springer, Berlin, 1984.

[CHZ] G. Cooke, J. Harper, and A. Zabrodsky, Torsion free mod p H-spaces of low rank, Topology 18 (1979), 349-359.

[Gr] B. Gray, Homotopy commutativity and the EH P sequence. Algebraic topology, 181-188, Contemp. Math. 96,
Amer. Math. Soc., Providence R.I., 1989.

[G1] J. Grbié, Universal homotopy associative, homotopy commutative H-spaces and the EH P spectral sequence,
Math. Proc. Cambridge Philos. Soc. 140 (2006), 377-400.

[G2] J. Grbié, Universal spaces of two-cell complexes and their exponent bounds, Quart. J. Math. Ozford 57 (2006),
355-366.

[GT] J. Grbi¢ and S. Theriault, Self-maps of low rank Lie groups at odd primes, submitted.

[H] J. Harper, Rank 2 mod 3 H-spaces. Current trends in algebraic topology, Part 1, pp. 375-388, CMS Conf.
Proc. 2, 1982.

[J] I.M. James, Reduced Product Spaces, Ann. of Math. 62 (1955), 170-197.

[Mc] C.A. McGibbon, Homotopy commutativity in localized groups, Amer. J. Math 106 (1984), 665-687.



A UNIVERSAL PROPERTY FOR Sp(2) AT THE PRIME 3 15

[MNT] M. Mimura, G. Nishida, and H. Toda, Mod-p decomposition of compact Lie groups, Publ. RIMS, Kyoto Univ
13 (1977), 627-680.

[MT] M. Mimura, and H. Toda, Homotopy groups of SU(3), SU(4), and Sp(2), J. Math. Kyoto Univ. 3 (1964),
217-250.

[T1] S.D. Theriault, The H-structure of low rank torsion free H-spaces, Quart. J. Math. Ozford 56 (2005), 403-415.

[T2] S.D. Theriault, The odd primary H-structure of low rank Lie groups and its application to exponents, Trans.
Amer. Math. Soc. 359 (2007), 4511-4535.

[To] H. Toda, Composition methods in the homotopy groups of spheres, Annals of Math. Study 49, Princeton
University Press (1962).

SCHOOL OF MATHEMATICS, UNIVERSITY OF MANCHESTER, MANCHESTER M13 9PL, UNITED KINGDOM

E-mail address: Jelena.Grbic@manchester.ac.uk

DEPARTMENT OF MATHEMATICAL SCIENCES, UNIVERSITY OF ABERDEEN, ABERDEEN AB24 3UE, UNITED KINGDOM

E-mail address: s.theriault@maths.abdn.ac.uk



